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ABSTRACT In this work we formulate a general self-consistent field model of polymer adsorption and consider 
the case of nonionic homopolymer adsorption on a single, planar surface. Our approach is closely related 
to thae of Edwards, Freed, and de Gennes in that we obtain a diffusion equation for the configuration probability 
of an idealized chain of polymer segments. Diffusion of configuration probability is driven by a potential 
field that depends upon the configuration of polymer segments and solvent molecules relative to  the adsorbing 
surface; the statistical mechanical analysis of Helfand shows this field to be truly ”self-consistent”. Adsorption 
of segments by a “sticky” surface is featured in a new surface boundary condition. We solve the general field 
equation through an eigenfunction expansion, keeping only the first, or ground state, function in the expansion. 
The ground-state solution provides a variety of results, including adsorbed amount, bound fraction, surface 
volume fraction, root-mean-square layer thickness, and hydrodynamic thickness. Comparison with experimental 
data and the results of the Scheutjens-Fleer lattice model demonstrate that the present solution precludes 
the prediction of long, dangling tail configurations that influence many of the interactions of the adsorbed 
layer. However, the ground-state model accurately describes adsorbed layer characteristics near the surface. 
This approach is computationally more efficient and provides clearer physical insight than earlier models, 
motivating the development of better solutions of the general self-consistent field equations. 

Introduction 
Polymer adsorption plays a critical role in many tech- 

nologically important processes, including adhesion, cor- 
rosion control, detergency, lubrication, drag reduction, film 
deposition, and membrane separations. Another common 
application of polymer adsorption is to control the stability 
of colloidal suspensions. Polymeric stabilization of dis- 
persions (e.g., in paints, inks, pharmaceuticals, and food- 
stuffs) has received considerable attention,’ but aggrega- 
tion and flocculation processes are equally important and 
deserve examination. A good example of such a destabi- 
lization process is wastewater treatment. Polymeric floc- 
culants are now an essential part of sludge processing 
operations such as thickening (increasing the solids con- 
centration of an aqueous suspension) and dewatering 
(water removal from a suspension to form a slurry or cake). 
The selection of an effective polymeric flocculant, based 
on the polymer’s chemistry and structure, and the deter- 
mination of the proper dosage, mixing, and handling re- 
quirements are relevant practical problems that have been 
addressed largely on an empirical basis. The design of 
polymeric flocculants for particular systems and the op- 
timal use of the flocculant require a theoretical under- 
standing of polymer adsorption, interactions between ad- 
sorbed polymer layers, and the effect of these interactions 
on dispersion stability. 

The stability of any colloidal suspension can be ex- 
pressed through kinetic and thermodynamic criteria. The 
state of the suspension vis-&vis these criteria depends on 
the interactions between suspended particles on a micro- 
scopic or molecular scale. For particles covered with layers 
of adsorbing polymer molecules, the range and strength 
of the interparticle interactions depend strongly upon the 
configuration of the adsorbed molecules. The polymer’s 
configurational complexity gives rise to interesting inter- 
facial properties but leads to considerable theoretical and 
computational difficulty. Although prediction of colloidal 
stability (or prediction of the interfacial properties of any 
polymer-modified system) is the ultimate goal, the fun- 
damental problem is the analysis of the structure of ad- 
sorbed polymer layers. 

The theoretical modeling of polymer adsorption has a 
long history and has been the subject of many reviews.2 
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Early efforts treated an isolated polymer molecule near 
an adsorbing surface via statistical mechanical analyses 
of random walks near the surface, both on a lattice3 and 
in continuous spacee4 These theories provide a description 
of the configuration of adsorbed molecules which includes 
the polymer-surface attraction and the entropic contri- 
bution of polymer configuration statistics but does not 
include “excluded-volume” interactions that derive from 
the free energy of mixing polymer and solvent. Later 
theories5 incorporate excluded-volume interactions within 
a quasi-crystalline lattice model allowing calculation of 
site-site interactions through a mean-field approximation. 
Monte Carlo simulations6 provide independent and 
mathematically exact results (such as adsorbed layer 
thickness and fractional coverage of the surface) for com- 
parison with both the predictions of statistical mechanical 
theories and with experimental observations. Extension 
of the theoretical work to adsoption of multiple molecules 
has culminated in the development of several lattice 
models,’ most recently that of Scheutjens and Fleer.s 

The Scheutjens and Fleer (SF) lattice model describes 
many aspects of polymer adsorption. Space is discretized 
into layers of lattice sites parallel to a planar surface. The 
polymer molecule is modeled as a discrete “chain” of 
“segments” equal in size to the solvent molecules. Thus 
every lattice site contains either a segment or a solvent 
molecule. Site exclusion (repulsion) between segments is 
mediated by an attraction (characterized by the Flory- 
Huggins parameter x) between segments and solvent 
molecules occupying neighboring sites. Use of the random 
mixing approximation within each layer represents a 
mean-field attempt to account for the interactions of 
segments well-separated along the contour of the chain but 
in close spatial proximity. Segments in the first layer 
contact the surface and receive an additional energy in- 
crement of xs (in units of kT) which characterizes the 
adsorption strength of segments relative to solvent mole- 
cules. The number of segments per chain, n, and the 
polymer volume fraction in bulk solution, 6, complete the 
description. 

The SF model succeeds for several reasons. First, the 
model treats a wide range of experimental conditions 
without a priori assumptions about the configuration of 
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the polymer molecules in the adsorbed layer. Also, the 
statistical distributions of trains, loops, and tails are 
enumerated, highlighting the influence of particular con- 
figurations, especially tails, on experimentally observable 
quantities. The results indicate a relative surplus of chain 
ends far from the surface, while the region near the surface 
is depleted of chain ends. This conclusion agrees with 
earlier resultsg which predict that adsorbed chains prefer 
long tail/short loop configurations rather than short 
tail/long loop configurations. These “end effects” have a 
significant effect on hydrodynamic layer t h i c k n e s ~ e s l ~ * ~ ~  
and forces between interacting adsorbed polymer 1ayers.ll 

On the other hand, the SF model is limited in several 
respects. The model equations are written in a finite 
difference form that facilitates numerical solution but 
obscures much of the underlying physics. The discreti- 
zation of space, necessitating the selection of a particular 
lattice geometry, is an artificial approximation that may 
not accurately reflect the reality of continuous space. The 
consequences may be most serious near the surface, where 
important details of the segment-surface interaction occur 
on a length scale comparable to the spacing between lattice 
layers. On a more practical level, the lattice model cal- 
culations become time consuming for long chains or for 
the construction of colloidal phase diagrams. 

We have addressed these limitations through the self- 
consistent field approach, originally developed by Ed- 
wards12 for the study of polymer solutions. The idea was 
extended to adsorbing polymer by DiMarzio3 and de 
Gennes,13 with practical implementation for near-0 sol- 
vents by Jones and Richmond.14 This method relies on 
the fact that the statistics of polymer random walks are 
described by a diffusion e q ~ a t i o n . ~  Indeed, there is a 
strong analogy between the contour of a polymer molecule 
embedded in an adsorbed polymer matrix and the tra- 
jectory of a diffusing particle in an external potential field. 
Formulation of the problem as a field equation brings to 
bear a variety of solution techniques and permits exten- 
sions to important related problems. 

In this work we formulate a general self-consistent field 
(SCF) model for polymer adsorption and consider the case 
of nonionic homopolymer adsorption at a single, planar 
surface. The model takes the form of the familiar diffusion 
equation for the probability of chain configurations, de- 
veloped by Chandrasekharg and employed by many 0th- 
ers.3-8,12-15,17,18,23~2g We incorporate a self-consistent po- 
tential field (which drives the diffusion equation) devel- 
oped from the statistical mechanical analyses of Helfand18 
or D i c k ”  and HalI.l9 The polymer-surface interaction, 
modeled as a “sticky surface” attraction, produces a new 
surface boundary condition for the diffusion equation. We 
solve the SCF equations through a ground-state approx- 
i m a t i ~ n l ~ , ~ ~  which yields an analytical expression for the 
volume fraction profile of polymer segments near the 
surface. Other features, including the total adsorbed 
amount of polymer, the fraction of segments in contact 
with the surface, the root-mean-square layer thickness, and 
the hydrodynamic thickness, are calculated from the 
volume fraction profile and are compared with experi- 
mental results. Such comparisons motivate the develop- 
ment of more sophisticated models of this type. 

Theory 
A. Self-Consistent Field Equation. The structural 

complexity of linear polymer molecules necessitates a 
statistical description of molecular configurations. 
Analyses of the configurational statistics of polymers have 
been presented in several comprehensive W O ~ ~ S , ~ ~ J ~ J ~ J ~  
wherein the goal is to relate the system’s physical char- 

/ 

Figure 1. For positions r such that z I I ,  S is a spherical locus 
of segment positions r’ that  contribute to the integral in eq 1. 
When z < 1, the spherical locus is truncated by the adsorbing 
surface, producing the spatial anisotropy manifested in eq 14b 
and 15. 

acteristics to unambiguous mathematical expressions. 
Instead of considering the detailed configuration of the 
bonds in a real polymer molecule, we employ the usual 
abstraction of the molecule as a “chain” of statistical 
“segments” with the number of bonds per segment chosen 
so that the chain exhibits random-flight statistics. A 
polymer configuration is described by the set of spatial 
positions of each segment of the chain, analogous to the 
position in space of a diffusing particle a t  successive, 
discrete times. The sequence of segments corresponds to 
a particle trajectory, with the rank of a segment (position 
in the chain relative to one end) replacing time. Such a 
function of a random variable (spatial position) and time 
(segment rank) defines a stochastic process. 

A stochastic process consists of a hierarchy of probability 
densities which are governed by consistency conditions 
found in standard texts.16 Such a description is complete 
but cumbersome and must be simplified through addi- 
tional assumptions. One assumption, alluded to already, 
is that a chain of segments exhibits random-walk statistics: 
traveling down the contour of the chain, a segment’s 
position depends only on the position of the previous 
segment. This type of stochastic process is known as a 
Markov process. 

In reality, the distribution of chain configurations de- 
pends not only on the connectivity of the chains but also 
upon their interactions which may be conveniently ex- 
pressed in terms of a potential field acting on the segments 
of the chains. The potential acting upon an individual 
segment depends on the distribution of all other segments 
in the system, which is at least known in probabalistic 
terms.17 Within the spirit of the present theory, we assume 
that the configuration-dependent potential may be rede- 
fined by averaging over the segment distribution, yielding 
a “potential of mean force”. This mean-field approxima- 
tion decouples the many-body problem17 and makes the 
present field equation formulation possible. We postpone 
briefly the discussion of the form of the potential that 
makes the calculation “self-consistent”. 

A field equation describing the configurations of ad- 
sorbed chains may be derived from first principles, namely, 
the consistency conditions defining a stochastic process.41 
A heuristic description, though, provides a complete yet 
concise exposition. Suppose that G(r,s) is the (unnor- 
malized) probability density of a chain of contour length 
s that endswithin d r  of spatial position r. Recognizing 
that G is governed by a Markov process, we can express 
G as the integral of the product of two other probability 
densities. The first, G(r’,s--I), is the probability density 
of a chain of contour length s - I that ends within dr’ of 
a spatial position r’ which itself lies a segment length I 
away from position r (see Figure 1, ignoring the plane, for 
now). The second factor, e-@‘(r), is the probability density 
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for placing a single segment a t  r; U is the potential field 
acting on the segment. This product, integrated over all 
possible positions of r’ (denoted by the locus S) gives an 
equation for G, specifically 

where 4 d 2  normalizes the integral. Expanding G(r’,s-1) 
in a Taylor series in r and s, integrating, and rearranging 
produce the self-consistent field (SCF) equation 

with the initial condition 
G(r,0;r8) = 6(r - rs) (3) 

ensuring that chains start at some position denoted by rs. 
Equation 2 is encountered in many theories of polymer 
adsorption6-9~13-15J8*21~z3~2g and is the basis for further 
analysis here. 

B. Segment Volume Fraction Profile and Equilib- 
rium Condition. Next, the configuration probability 
G(r,s) must be related to physical quantities, such as the 
segment volume fraction (e(r). To do so, we observe that 
every segment (at some contour location s) belonging to 
a chain of total length nl is, in fact, the junction of two 
“subchains” of length s and nl - s (n is the number of 
segments per chain). The volume fraction is the proba- 
bility of finding any segment, regardless of contour loca- 
tion, a t  a spatial position r; thus &) is proportional to 
the probability that two subchains of combined length nl 
meet at position r, integrated over all possible contour 
locations of the junction. Mathematically, the relation 

(4) 

represents this probability. The factor e-@U(r) arises nat- 
urally to remedy the double-counting of the junction 
segment in the product G(r,s)G(r,nZ-s), and c is a pro- 
portionality constant. Far from an adsorbing surface, 
chains have an equal probability of ending anywhere, and 
the polymer volume fraction goes to its bulk value; hence 
G(r,s) - 1, (e(r) - 6, and, as will be developed below, 
U(r) - 0 far from the surface. Equation 4 then yields c 
= cpb/n. In a sense, this procedure includes a chain con- 
figuration from the bulk solution in the partition function 
for the adsorbed layer and implies equilibrium between 
free and adsorbed chains. Alternately, a proper statistical 
mechanical calculation of the chemical potentials of ad- 
sorbed and free  chain^'^^^^ leads to a formal equilibrium 
condition. 

C. Self-Consistent Field. The field equation (2) is 
closed through the specification of a self-consistent field 
(SCF) U(r) that depends upon the configuration of the 
adsorbed polymer molecules. Arbitrary specification of 
U(r) does not guarantee that G(r,s) is proportional to the 
number of chains of length s that end at r. An equilibrium 
condition is needed to ensure that the chemical potentials 
of all chains in all configurations are equal, thus giving 
proper weight to each configuration. 

Differentiating the free energy of the system (including 
chains and solvent molecules) with respect to the number 
of chains in an arbitrary configuration produces the 
chemical potential of that configuration; equating this 
quantity with the chemical potential of chains in bulk 
solution ensures that adsorbed chains are in equilibrium 
with each other as well as with those in bulk solution. 
Naturally the free energy of the system depends (through 
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the partition function) upon the free energy of individual 
segments and solvent molecules as determined by their 
particular interactions; the latter relationship is provided 
by an appropriate polymer solution theory. 

Scheutjens and Fleer8 calculate the partition function, 
free energy, and the SCF for polymer chains and solvent 
on a lattice by using the Flory solution theory. An earlier 
and more general derivation by Helfand18 can accommo- 
date an arbitrary polymer solution/mixture theory and has 
been extended to interfacial systems of bulk polymer and 
copolymer blends.21 Helfand’s formulation is based on a 
continuous space model of polymer configurations. For 
an incompressible system, neglecting nonlocal interactions, 
Helfand finds 

aAf* U(r) = 13- 
a(e 

in which (e(r) is the segment volume fraction. With 1 - 
q(r) representing the solvent volume fraction, the free 
energy density Af*((e) of a solution relative to bulk solution 
(Le., far from the surface) is 

where f is the free energy density of a homogeneous solu- 
tion, ppb and p: are the segment and solvent chemical 
potentials evaluated at  bulk solution conditions, and n is 
the number of segments per chain. 

In this work we employ the Flory polymer solution 
theory22 which is suitable for a wide range of solvent 
conditions, although of questionable accuracy for calcu- 
lations in continuous space.lg The free energy density is 

1 P 9  
n n  (1 - p) In (1 - p) + - In - + xp(1 - p) (7) 

where pop and poS are the chemical potentials of bulk 
amorphous polymer (on a per segment basis) and pure 
solvent having the same molecular size as a polymer seg- 
ment. Differentiation off with respect to the number of 
segments and solvent molecules and evaluation at 6, the 
segment volume fraction in bulk solution, yield p,” and p:. 
From eq 6 and 7 Af* follows as 

(1 - (e) 

(1 - cpb) 
13/3Af* = (1 - p) In - - x(cp - + (e - 6 

with /3 = l / k T ,  giving 

as the resultant SCF, which, incidentally, is in complete 
agreement with the results of the lattice-based calculations 
of Scheutjens and Fleer.8 

Equation 8 may also be found through the theory of 
Dickman and Hall,19 who seek an accurate equation of 
state for homogeneous polymer solutions through a con- 
tinuous space model. After defining the partition function 
for a system of many chains, they develop an “osmotic 
equation of state” which relates the osmotic pressure of 
the system to the probability of inserting a “test” chain 
into the system. Inversion of the equation of state for 
single segments gives the segment “insertion probability” 
as a function of osmotic pressure. Substitution of the 
osmotic pressure given by the Flory theory into the in- 
verted equation produces eq 8. 

The SCF should also account for the inpenetrability of 
the surface as well as its adsorptive strength. For a planar 
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adsorbing surface at  z = 0, the SCF is assumed to be 
infinite for z < 0 so that adsorption takes place in the 
half-space z 1 0. The form of the interactions between 
the surface and the segments and solvent is a more delicate 
matter. Although the true interaction is probably either 
van der Waals attraction or hydrogen bonding, the nec- 
essary physical parameters are not known. Instead, we 
utilize a square well adsorption potential similar to that 
used by Baxter20 for suspensions of hard spheres with 
adhesion. With x s  as the adsorption energy (in units of 
kT) of segments relative to solvent, we write 

z > E PU*& = 0 
= -xs + In ( r / l )  z < E (9) 

as the adsorption strength. Calculating the exponential 
of both sides and taking the limit as t - 0 produce 

e-buah = G(z)eXs (10) 
which is appropriate when the range of the true adsorption 
potential is small compared to the segment length. Al- 
though the probability density is discontinuous and 
diverges at z = 0, the integrated probability of adsorption 
remains finite. Combining the contributions of adsorption 
and segment-solvent mixing, 
flu=., z < o  
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is the contribution from the random walk of the chain with 
the spatial anisotropy of the surface region reflected in the 
z-dependence of D. The spatial anisotropy is also re- 
sponsible for the gradient appearing in the second term. 
Finally, the third term represents a source of extra prob- 
ability arising from the “surface phase” of adsorbed seg- 
ments not accounted for in G,. 

A surface boundary condition is derived by integrating 
eq 14 over a differential interval near the surface. The 
result, 

(11) 
represents the total SCF. 

D. Surface Boundary Condition. Equation 11 im- 
plies that e-oU(r) as well as G(r,s) are discontinuous at  z 
= 0. Obviously, the Taylor series expansion of G(r’,s-1) 
fails at this point, so the probability density G must be 
written as the sum of a continuous part, G,, and a surface 
function, G,, through 

(12) 
Substitution into (1) gives 
G,(r,s) + G(z)G,(s) = 

W , s )  = G,(r,s) + G(z)G,(s) 

where the integration is over the locus of positions r‘ which 
are a segment length from r. As before, G,(r’,s-l) is ex- 
panded in r and s, while G,(s-1) is expanded in s. For 
positions r such that z I 1, integration yields the same SCF 
eauation ( 2 )  as found earlier. However, when z < 1, the 
spherical locus of neighbors, truncated by the surface (see 
Figure l ) ,  produces a SCF equation for the anisotropic 
surface region 

G,(r,s) + G(z)G,(s) = e-@U(r)K(z,G,,G,) 0 < z < 1 
(14a) 

with 

K(z,G,,G,) = D:VVG, + 

k.V]( G, - lz) + :[ 1 - G, - 1:) (14b) 

Here k is the unit normal to the surface and 
1 

D = -[[z(3l2 - z2) + 213][ii + jj] + 2(13 + z3)kk] (15) 

is a tensor that reduces to (12/6) I at  z = 1. The product 
e-Su(r)K(z,G,,G,) is just the probability that a chain of 
length s reaches r. The first term in K(z,G,,G,), eq 14b, 

241 

depends on the surface SCF 

from eq 11 defined at z = 0. Let U, be the continuous part 
of the SCF so that for z > 0 and in the limit z - 0, U, 
U. Thus, from eq 14a, 

G,( r ,s) = e-SUcK (z  , G,,G,) 

for z > 0. Taking the limit z - 0 and combining with (16) 
give 

G,(S) = KAG,(ro,s) (18) 
where ro = (x,y,O) and 

K A -  = e -4 [~s -~c (~a) l  (19) 

defines a partition coefficient for segments on or near the 
surface. Substitution of eq 18 into 14 produces the SCF 
equation 
G,(r,s)e@Uc = 

valid in the surface region z C 1. At z = 0, neglecting the 
VVG, term and the cross derivative V(dG,/ds) relative to 
the VG, term in K(O,G,,G,) leaves 
Gc(ro,s)efluc(’o) = 

as the surface boundary condition. 

the surface. Using the relation 
The segment volume fraction is also discontinuous at 

substitution of eq 12 into 4 produces 

Rewriting eq 23 in a more compact form, 
dr)  = co,(r)[l + ~(z)KAI = d r )  + 6(z)cos (24) 

defines a continuous volume fraction profile cp,(r) as well 
as the “surface fraction” 

d r )  = KAdrO) (25) 
of segments actually on the surface. 

E. Summary. The self-consistent field model of 
polymer adsorption consists of a complete, closed set of 
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analogue of the SCF equation (2) which is solved itera- 
tively. For long chains, convergence is very slow and 
sensitive to the initial guess, resulting in very tedious 
calculations. Furthermore, the results are sensitive to the 
choice of lattice geometry. 

In order to overcome these limitations, we obtain an 
analytical solution similar to those developed by de Gen- 
nes,I5 Jones and Richmond,14 and Joanny et al.23 These 
approaches rely on the "pseudolinearity" of the SCF 
equation if the SCF is regarded as an arbitrary external 
field. The probability density G,(z,s)  is expanded in the 
eigenfunctions of the linear operator of the SCF equation 
so that 

G,(z,s)  = C g d Z )  exp(Aks) (34) 
k 

where X k  are the eigenvalues. If the chain has polymeric 
length, the k = 0 term dominates the higher order terms 
which are usually neglected. 

We combine the higher order eigenfunctions into a 
composite function G' defined by 

(35) 
where g(z) and X, are the ground-state eigenfunction and 
eigenvalue. This work addresses the ground-state solution 
for g ( z ) ,  leaving to a later time the solution of the higher 
order equations, so that G' is neglected. Recalling the 
initial condition (30), integration of (35) produces 

JE[l + G(Z)K&(Z) dz = 1 (36) 

as a normalization condition for g ( z ) .  Furthermore, we 
neglect the influence of the surface region governed by eq 
27, assuming 26 to apply up to the surface z = 0. Sub- 
stitution of eq 35 (neglecting G3 into (26), (28), and (31a) 
produces the ground-state equation 

G,(z,s)  = g ( z )  exp(M) + G'(z,s) 

equations developed herein. For a randomly adsorbing 
homopolymer, the variation of the adsorbed layer structure 
normal to the surface is more significant than variations 
parallel to the surface if there is sufficient overlap of ad- 
sorbed chains. This condition is usually met in practice 
when the chains are long enough so that significant ad- 
sorption occurs, even though the adsorption energy per 
segment may be small. We assume that chain configura- 
tions are evenly distributed over the surface and that the 
length scale of fluctuations about the equilibrium distri- 
bution is small compared to the average lateral dimension 
of an adsorbed chain. 

Consequently, the segment volume fraction profile, the 
self-consistent field, and the configuration probability 
density vary only with z and s but not with lateral position 
or time. Making z and s dimensionless with 1, the self- 
consistent field equations are 

dG, 1 a2G, 
as 6 a22 

+ [l - eflUc]Gc z 1 1 (26) - = -- 

1 a2G, 
12 a22 

Gcefluc = -(1 + 23)- + 

[ $1 + z )  + -(1 4 - 22)- az ' ] ( G C - 2 ) +  

with boundary conditions and initial condition 
Gc(O,s)eflUc(') = 

Gc(m,s) = 1 (29) 
[1 + ~(Z)KA]G,(Z,O) = 6(Z - 2,) (30) 

with z, as the arbitrary starting position, segment volume 
fraction profile 

and self-consistent field 

The four parameters which describe the chemistry of the 
system are n, cpb, x, and xs. This set of equations is 
amenable to solution by a variety of analytical and nu- 
merical techniques, each involving its own approximations. 

Ground-State Solution 
A. Segment Volume Fraction Profile. The self- 

consistent field equations (26) and (27), along with the 
accompanying conditions and definitions (28)-(33), are a 
closed, albeit nonlinear, system of equations which can, 
in principle, be solved exactly. Levine et al.' recognized 
the close relationship between these field equations and 
the recurrence relations of their lattice model. In fact, the 
Scheutjens-Fleer (SF) lattice model8 is a finite difference 

the surface boundary condition at  z = 0 

(37) 

1 --- - e@',(') - - (KA + 1)(1 - A') (38) 
1 dg(0) 

4g(O) dz 2 

and the volume fraction profile 

cp&) = cpbenXoeB'cg2(z) (39) 
Further analytical progress requires linearizing the 

Boltzmann factor 

as 

with cpb assumed to be small so that (1 - cpb)e2Xa = 1. 
Alternately, eq 40b becomes 

with u = ((1 - 2x), w = 2E2(1 - 2x + 2x2), and E as the 
fraction of the segment volume occupied by polymer, de- 
fined in eq 56. The linearization is a very good approxi- 
mation at all but the highest segment volume fractions 
found near the surface. Consequently, the enact Boltz- 
mann factor of eq 40a is used in the surface boundary 
condition. Usually the latter two terms of (41) may be 
neglected when compared with unity so that rearrange- 
ment of (39) yields 
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dz) = ( c p C / W ’ 2  (42) 
with K = fien&. Using (42) to eliminate g(z) from (37) with 
eBUc from (41) gives 

Macromolecules, Vol. 21, No. 4 ,  1988 

found by integrating eq 46, includes the bound segments 
as the first term. The bound fraction 

P = ‘Ps/’Pads (49) 
is the fraction of segments that are actually adsorbed on 
the surface. Finally, the root-mean-square (RMS) layer 
thickness 

$ - [ 212 2 - 12 [ A ,  + upc + -‘P? ‘Pc= 0 (43) ” I  2 

while (38) becomes 

with e@uc(0) given by (40a) evaluated at  z = 0. 

cpb 

The first integral of (43) with boundary condition cpc - 
0 as z - m is 

with the negative root selected so that the profile decays 
with increasing z. Integrating a second time gives the 
volume fraction profile 

- 4 Aoc ie7z 

( cieYz - i - :you: 

‘Pc(z)  = - 

4A0cie-Yz 
(46) 

ci - -e-Yz - 2A0we-272 
( i Y 3  

where y = (24&,)1/2 and ci is an integration constant to be 
determined from the surface boundary condition (28) (in 
conjunction with eq 31b, 32, 33b, 40a, 45, and 46). 

In practice, the undetermined constants A, and ci are 
found through an iterative solution of the nonlinear al- 
gebraic equations. The quantity l / A o  represents a char- 
acteristic chain length; for sections of chains longer than 
1/ &, the effects of adsorption and solvency cause the chain 
to deviate from the ideal random-walk state. Given n, ‘pb, 

x, and xs, A, is guessed. Equations 31b, 32,33b, 40a, and 
45 are solved iteratively for cp,(O) and eq 46 then determines 
ci .  Finally, the normalization condition (36), rewritten 
using (42) as 

determines the accuracy of the guessed value of &,. A new 
value of A. is selected, and the iteration is repeated until 
eq 41 is satisfied. 

B. Adsorbed Layer Characteristics. The volume 
fraction profile, eq 46, contains considerable information 
for characterization of the layer of adsorbed polymer 
chains. Unfortunately, cp,(z) cannot be routinely measured, 
although a few profiles have been obtained through neu- 
tron ~ca t t e r ing .~* ,~~  Characterization is presently based on 
calculated or measured quantities which represent 
weighted integrals of the volume fraction profile. 

The first important adsorption characteristic is the total 
adsorbed amount of polymer, pads. An analytical expres- 
sion for ‘Pads, 

is calculated numerically. The quantities vads, p ,  and t R m  
may be measured experimentally by using a variety of 
techniques, including e l l i p ~ o m e t r y , ~ ~ - ~ ~  infrared,36s37 
NMR,38 and ESR39 spectroscopy. 

Hydrodynamic techniques also measure a thickness of 
adsorbed layers. In the capillary method, the measured 
flux of solvent through a polymer-coated capillary is re- 
lated to the apparent capillary radius; subtraction of the 
actual radius gives the hydrodynamic thickness of the 
adsorbed layer. Alternately, dynamic light scattering 
measures the apparent radius of polymer-coated particles 
suspended in a solvent; again, subtraction of the bare 
particle radius yields the hydrodynamic thickness. 

Several groups, including Cohen Stuart et al.,1° Varoqui 
and Dejardin,26 and Anderson and Kim,27 have developed 
models of solvent flow through adsorbed polymer layers. 
In our weak flow calculations, a shear flow of solvent is 
imposed on a stationary adsorbed layer. Assuming that 
the solvent flow is parallel to the surface, the solvent ve- 
locity V(z) satisfies the dimensionless Debye-Brinkman 
equation 

18qfcpV = 0 
d2 V 
dz2 
-- 

with V = 0 a t  z = 0 and dV/dz = a as z - w.  Here q is 
the ratio of the segment’s friction coefficient to that of a 
Stokes sphere with diameter I ,  and f(p) is a function that 
accounts for hydrodynamic interactions among segments. 
Without hydrodynamic interaction, f = 1; following Cohen 
Stuart et al.,1° we employ f = 1/(1 - &p), as suggested by 
experimental data,28 where 5 is the fraction of a segment 
volume actually occupied by polymer (see eq 56). 

After dV/dzl,,, is guessed, eq 51 is integrated numeri- 
cally as a system of two simultaneous first-order equations. 
The integration continues until a point z = zL where the 
shear rate a is constant. The hydrodynamic thickness, 
given by 

VkL) 
t H  = ZL - - (52) 

is the apparent position of a hypothetical “clean” surface 
that would give a linear velocity profile with the same shear 
rate (see Figure 2); tH is independent of shear rate. 

Results and Discussion 
A. Determination of Model Parameters. Compar- 

ison of theoretical predictions with experimental data is 
instructive, providing the means of testing the assumptions 
of this model. First, though, the experimental system’s 
physical characteristics must be translated into the model 
parameters; these conversion factors deserve some expla- 
nation. 

The necessary physical parameters are the polymer’s 
characteristic ratio, molecular weight, average bond length, 
and specific vofime, denoted by C,, M ,  lb, and 6, respec- 
tively, and polymer-solvent parameters including the en- 
tropy parameter, and the 8 temperature. There are 
little data for segment-surface interaction energies, so xs 
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Figure 2. Solvent velocity profiles for imposed shear flow past 
a planar surface. Extrapolation of the profile for flow through 
a polymer layer back to zero velocity, parallel to the profile found 
when no polymer is adsorbed, gives the hydrodynamic thickness 
of the layer. 

is left as an adjustable parameter. Denoting ( r 2 ) ,  as the 
mean-squared end-to-end distance and rmax as the maxi- 
mum extended length of a freely jointed chain, the rela- 
tions 

(r2), = C,nblb2 3 n12 (534 

rmax = nblb nl (53b) 
can be solved for n and 1 in terms of and nb M/mb, 
where mb is the polymer molecular weight per bond. Thus 

and 
1 = c,& (54) 

n = M/C,mb (55)  

Segments have volume but are not solid polymer. If seg- 
ments are assumed to be spherical, 

is the fraction of a segment volume occupied by polymer, 
where NA is Avogadro’s number. If cb  is the polymer 
concentration in bulk solution (mass per volume) and A 
is the polymer adsorbance (adsorbed mass per area of 
surface), the corresponding theoretical quantities are 

cpb = Cb8/[ (57) 

‘Pads = Afi/Cmlb (58) 
and 

Finally, the definition23 

(59) 

gives the solvent quality parameter as a function of tem- 
perature. 

B. Volume Fraction Profiles of Polymer Segments. 
Representative volume fraction profiles are shown in 
Figure 3, with volume fraction scaled logarithmically. The 
profile found from the ground-state solution decays line- 
arly, indicating that the exponential in the numerator of 
eq 46 dominates. We have also calculated the volume 
fraction profile from the lattice model equations of 
Scheutjens and Fleer.8 This profile (also in Figure 3) 
decays more slowly and nonlinearly; the points mark the 
discrete layers for which the volume fraction is given by 
this model. A straightforward calculation produces sub- 
sidiary profiles of the volume fractions of segments con- 

0.3 1 
- 1  

-2 - 
B 
a - 

-3 

-4 

tained in loop and tail configurations. The region near the 
wall is depleted of tail segments, and the tail segment 
profile has a slight maximum reminiscent of the profiles 
of terminally anchored chains. Farther from the surface, 
the loop segment profile falls off linearly as the total profile 
becomes dominated by tails. 

The similarity between the ground state and loop pro- 
files is significant, suggesting that the ground-state model 
predicts an adsorbed layer primarily composed of loops. 
Transformation of the SCF equation (26) to the form (37) 
via the ground-state approximation (35) eliminates the 
dependence of the configuration probability, Gc(z,s),  and 
volume fraction of particular segments, cp,(z,s), on contour 
location s. Consequently, within the ground-state ap- 
proximation, the position of a segment relative to the 
surface does not depend on the segment’s location or rank 
within the chain. Thus, “end” segments and tails are not 
predicted; all segments are “middle” segments contained 
in loops or trains. The same result is found in the analysis 
of eigenfunction expansion solutions by Scheutjens et a1.40 

More quantitative comparisons with the lattice model 
are difficult for two reasons. First, the lattice calculation 
relies on an adjustable lattice parameter, A, which dra- 
matically affects the shape of the profile and the adsorbed 
amount. Our lattice calculations employ a value of X = 

(simple cubic), chosen to match the “diffusivity” of the 
configuration probability with that in the ground-state 
model. Second, although the ground-state and lattice 
models give solutions of the same field equation, the 
surface boundary conditions are different. The lattice 
model employs the classic “adsorption” boundary condi- 
tion; that is, there are no segments a t  positions one seg- 
ment length behind the surface surface. The boundary 
condition developed here includes the “sticky surface” 
adsorption leading to a mixed boundary condition and 
producing a source of configuration probability at the 
surface due to adsorbed segments. Although the two ap- 
proaches do not necessarily lead to the same adsorbed 
amount, the predicted values of pads are comparable (0.658 
and 0.563 from the lattice and ground-state models, re- 
spectively, for the conditions in Figure 3). 

C. Adsorption Isotherms. Qualitatively, the adsorp- 
tion isotherms of the ground-state model, depicted in 
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Figure 4. Adsorption isotherms (+oh versus cpb) from the present 
model for several chain lengths: curves A-D are for n = lo6, lo5, 
lo4, and lo3, respectively. Also xa = 0.25, x = 0.45, and E_ = 1. 
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Figure 5. Adsorbed amount versus chain length the points are 
the ellipsometric data of Takahashi et al.32 for adsorption of 
polystyrene on chrome in cyclohexane at the 0 point; the curves 
are the ground-state model predictions at near-8 and good-solvent 
conditions with x = 0.4993, 0.4824, and 0.4660 for curves A, B, 
and C, respectively. Also xs = 0.25, a = 6.91 X and E = 
0.4027. 

Figure 4, closely resemble the experimental isotherms 
found through ellip~ometry.~O-~~ As (m, increases from lo4, 
the equilibrium adsorbed amount rapidly reaches a plateau 
value that increases with chain length. An informative 
comparison with experiment, Figure 5,  shows the adsorbed 
amount as a function of chain length on a log-log scale. 
The points are the experimental data of Takahashi et al.32 
for polystyrene adsorbing on chrome from cyclohexane at 
the 8 temperature; the curves are the ground-state model 
predictions. The value xs = 0.25 is selected so that the 
ground-state curve for x = 0.4993 passes roughly through 
the data. Values in the range 0.10 < xs < 0.50 fit individual 
points, but no curve passes through all or most of the data. 
The adsorbed amount increases with chain length, agreeing 
with all ellipsometric data. For adsorption from a 8 sol- 
vent, Takahashi et al.32 suggest that ‘peds definitely levels 
off at moderate chain lengths, despite considerable scatter 
in the data. The ellipsometric data of Killmann et al.33 
and the infrared data of vander Linden and van Leemput= 
(for polystyrene adsorption on amorphous silica from cy- 
clohexane) show no plateau, or a t  least a more gradual 
transition, although they may not have used sufficiently 
long chains. The ground-state curve exhibits decreasing 
slope but does not quite reach a plateau. 

Competition between segment-surface attraction and 
the net repulsion between segments explains these trends. 

1 
I 

A 

o s  

0 ;  
2 4 6 

l o d n )  

Figure 6. Ground-state model predictions for the surface volume 
fraction and bound fraction versus chain length. For curves A 
and D, x = 0.4993; for curves B and C, x = 0.4660. Also xs = 0.25, 

Surface attraction (adsorption) draws chains into the ad- 
sorbed layer and tends to bring segments together at all 
spatial points. Chains adsorb until the decrease in free 
energy due to segment adsorption is balanced by the loss 
of chain configurational entropy. Since longer chains lose 
a smaller fraction of their configurational entropy upon 
adsorption, the adsorbed amount increases with chain 
length. 

Adsorption is also opposed by segment-segment re- 
pulsion which increases the free energy. The net inter- 
action between segments, represented by 

= 6.91 X and [ = 0.4027. 

drives the SCF equation (37). The “excluded volume” u 
= .$(l - 2x1 contains entropic repulsion due to volume 
exclusion between segments (1) mediated by the seg- 
ment-solvent attraction (-2x); the sum is multiplied by 
.$ to account for the volume of segments not occupied by 
polymer. In a 8 solvent, u = 0, and the interaction is a 
weak repulsion due to the O((dc2) term in (60). In this case 
the surface attraction usually dominates the repulsion so 
that ‘pads increases consideraly with n (Figure 5) .  In “good 
solvents (u > 0), the O(cp,) repulsion contributes signifi- 
cantly to the free energy, enough to counter the energy loss 
due to segment adsorption and limit the volume fraction 
at all spatial points, independent of chain length. As chain 
length increases, the layer reaches its capacity when the 
attraction balances the repulsion so that the adsorbed 
amound levels off. Improvement in solvent quality (u  
increases or x decreases) heightens the segment-segment 
repulsion and reduces the adsorbed amount. 

D. Surface Volume Fraction and Bound Fraction. 
The explanations for the trends in the adsorbed amount 
are also supported by calculations indicative of chain 
structure. The bound fraction, p ,  and the surface volume 
fraction, cps, are shown as functions of chain length in 
Figure 6. The surface volume fraction reaches a limiting 
value at moderate chain lengths when the free energy loss 
due to segment adsorption is balanced by their mutual 
repulsion at the surface; cps is less in a good solvent since 
the repulsion is greater than in a 0 solvent. The bound 
fraction, i.e., the fraction of segments adsorbed on the 
surface, decreases with increasing chain length, indicating 
that longer chains are adsorbed in more extended config- 
urations. This prediction agrees well with the experimental 
data of vandar Linden and van L e e m p ~ t . ~ ~  Fewer chains 
adsorb from a good solvent than from a 0 solvent, but if 
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Figure 7. Bound fraction versus solvent quality parameter for 
three adsorption strengths, calculated from the ground-state 
model. Curves A, B, and C are for xs = 0.16, 0.15, and 0.14, 
respectively. Also n = lo3, cpb = 6.91 X and x = 0.4027. 

the adsorption strength is high, the adsorbing chains as- 
sume flatter configurations (seen in the higher bound 
fraction). 

A clearer picture of this effect is furnished by the results 
in Figure 7 showing the bound fraction as a function of the 
solvent quality parameter, x ,  for three adsorption 
strengths, xs. At the highest adsorption strength, in- 
creasing solvent quality (decreasing x) produces flatter 
configurations, as indicated by the higher bound fraction. 
The number of adsorbed chains and the volume fraction 
at  all points decrease faster than the excluded volume 
increases, giving an overall reduction in segment-segment 
repulsion; thus adsorption has a greater influence on the 
chains, leading to flatter configurations. At lower values 
of xs, though, fewer chains are already adsorbed; as x 
decreases, the net repulsion between segments eventually 
increases since the excluded volume grows faster than the 
volume fraction falls. Consequently, adsorbing chains have 
a lower bound fraction and more extended configurations. 

E. Root-Mean-Square Layer Thickness. Another 
important characteristic of polymer adsorption is the layer 
thickness. The ellipsometric thickness is p r o p ~ r t i o n a l ~ ~  
to the root-mean-square (RMS) thickness defined in eq 
50. Figure 8 shows the variation of t R M s  with n, as mea- 
sured by Takahashi et al.32 for adsorption from a 8 solvent 
and as predicted by the ground-state model. The calcu- 
lated thickness is much less than the experimental thick- 
ness, presumably due to the underestimation of tails by 
the ground-state model. Although the volume fraction of 
segments far from the surface is relatively low, they 
probably make a significant contribution to t R M s  due to 
the z2 factor in the integrand of (50). The lattice model 
result of Figure 3 indicates that the distant segments are 
found primarily in tail configurations. 

The power law dependence of t ~ M s  on n is also signifi- 
cant. Ellipsometric data,30-33835 lattice model predictions,8 
and a scaling theory analysis3* find that t R M s  = in a 
8 solvent, suggesting that chains adsorb as random coils. 
The smaller exponent, 0.415, calculated from the present 
model is consistent with the scaling of tRMs expected for 
chains adsorbed in loops and trains but not tails. The data 
and scaling analysis of Kawaguchi and T a k a h a ~ h i ~ ~  gives 
tRMs = in good solvents. As before, the calculated 
exponent, 0.279, is less than the experimental value, but 
it is also less than the calculated 8 solvent exponent. 

Other ellipsometric data32 clearly show that the RMS 
thickness is greater for adsorption from a good solvent than 
a 8 solvent, but the predictions of the ground-state and 
lattice models are just the opposite for these conditions. 

2.4 2.2 j 

0.2 ’ 
0 ,  

2 4 6 8 

W n )  

Figure 8. Root-mean-square thickness versus chain length from 
the ellipsometric data of Takahashi et al.32 for adsorption from 
a 8 solvent (points), and the ground-state model predictions for 
a 8 and a good solvent with x = 0.4993 and 0.4660 for curves A 
and B. Also xs = 0.25, (ob = 6.91 X and E = 0.4027. 

3.2 I 

,1 

Figure 9. Ground-state model results for root-mean-square 
thickness versus solvent quality parameter for three adsorption 
strengths: xs = 0.14, 0.16, and 0.18 for curves A, B, and C, 
respectively. Also n = lo3, cpb = 6.91 X and E = 0.4027. 

Again, the balance between segment adsorption and their 
mutual repulsion explains the results. The variation of 
RMS thickness with solvent quality for three adsorption 
strengths is given in Figure 9. Decreasing x improves the 
solvent quality and allows fewer chains to adsorb. For the 
same reasons cited in the discussion of Figure 7 ,  im- 
provement of solvent quality at high adsorption strength 
leads to flatter configurations and a lower RMS thickness. 
The reduced number of segments on the surface experience 
greater mutual repulsion that is balanced through ad- 
sorption of a larger fraction of the segments. At  low ad- 
sorption strength or in a very good solvent, the product 
of excluded-volume and surface-volume fraction increases 
with x (although co, decreases); the greater repulsion pro- 
duces more extended configurations and greater RMS 
thickness. 

F. Hydrodynamic Layer Thickness. Hydrodynamic 
methods provide another measure of layer thickness. 
Given a volume fraction profile such as provided by eq 46, 
integration of the Debye-Brinkmann equation (51) yields 
the solvent velocity profile; extrapolation from the limit 
of constant shear back to zero velocity gives the hydro- 
dynamic (HD) thickness, t H D ,  as illustrated in Figure 2. 
The dependence of t H D  on n, shown in Figure 10, includes 
the experimental data of Cohen Stuart et al.1° for poly- 
(ethylene oxide) adsorbing on polystyrene particles sus- 
pended in water, with tm measured through dynamic light 
scattering. The groundstate model predicts HD thick- 
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polymer-surface interaction. A second advantage of this 
model is its versatility in the specification of all segment 
interactions through incorporation of an arbitrary polymer 
solution theory, an advantage largely due to the generality 
of Helfand's equations. Of course, the polymer adsorption 
model necessarily suffers any shortcomings of the polymer 
solution theory. 

Recent simulations and theoretical analyseslg suggest 
that the Flory solution theory, developed for chains on a 
lattice, seriously underestimates segment-segment re- 
pulsion relative to continuous space calculations. Such an 
error may explain some of the quantitative discrepancies 
between experimental data and the ground-state model 
predictions. If the coefficients u and w in eq 60 are con- 
siderably larger in a proper continuous space formulation, 
the segment-egment repulsion becomes more important, 
especially for shorter chains, a t  lower volume fractions, and 
at  higher adsorption strengths. Greater repulsion should, 
for example, produce lower plateaus in the adsorbed 
amount as chain length increases, and the plateau should 
begin a t  lower chain lengths. 

Other predictions currently give qualitative but not 
quantitative agreement with experiment. The calculated 
RMS thickness, in Figure 8, is less in a good solvent than 
in a 0 solvent, a prediction that is just the opposite of the 
experimental observation. However, the results in Figure 
9 identify regions in the parameter space of the model that 
lead to qualitatively correct predictions. Greater repulsion 
between segments would shift such behavior to longer 
chains and higher adsorption strengths. An important 
problem, then, is the development of more accurate ex- 
pressions for the interactions between segments and with 
the surface, leading to better quantitative agreement be- 
tween theory and experiment. 

Drastic approximations are made in the solution of the 
general SCF equations. The numerical solution obtained 
through the lattice model gives detailed configurational 
statistics but introduces the artificiality of the lattice; this 
solution also has computational limitations and obscures 
some of the physical aspects of the problem. The 
ground-state solution produces analytical results and be- 
gins to clarify the physical picture, but the neglect of 
segment rank in the solution precludes the analysis of 
specific chain configurations and the prediction of tails. 
The model's ignorance of tails causes underestimation of 
both the root-mean-square and hydrodynamic thicknesses. 

Although the predictive power of the ground-state model 
is rather limited, this self-consistent scheme presents 
several interesting opportunities for development. The 
ground-state solution (46) could be used to generate an 
approximate self-consistent field that can be employed in 
a more sophisticated numerical solution of the general 
equation (26). A simpler method relies on the observation 
that far from the surface, chain configurations are not 
significantly perturbed from the Gaussian random-walk 
state. A matching procedure could generate a uniformly 
valid approximate solution that reduces to the ground-state 
solution close to the surface, where the chains are grossly 
distorted by adsorption, and passes smoothly to the 
properties of the bulk solution far from the surface. Such 
an analysis will provide a more complete description of 
configurational statistics, especially tails. As mentioned 
earlier, an improved polymer solution theory, such as the 
generalized Flory or Flory-Huggins theory,Ig may give a 
better estimate of segment-segment interactions in con- 
tinuous space. Incorporation of more accurate energy 
expressions into the general model for homopolymer ad- 
sorption, combined with more advanced solution tech- 

X 

X 
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niques, should improve quantitative comparison with ex- 
perimental results and provide a better understanding of 
this and other polymer-modified interfacial systems. 
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